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Introduction

My object of study:

PROGRAMMING LANGUAGES

⤷ build mathematical models

Goal 🎯 Generic method

Description of a language ⟼ Its model
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Introduction

My object of study:

PROGRAMMING LANGUAGES

⤷ build mathematical models

Goal 🎯 Generic method

Description of a language ⟼ Its model

⤷ Skel Design a notion of model
• suitable for Skel
• good mathematical properties
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Outline

▹ ⛷️ calculus

▹ Skeletal semantics

▹ Initial-algebra semantics

▹ Virtual double theories
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⛷️ calculus



SKI calculus

SKI calculus[1] a.k.a. combinatory logic

• programming language/computational system

• simple syntax

• computation = reduction relation

• Turing complete i.e. equivalent to 𝜆-calculus

1.  Schönfinkel M. 1924. Über die Bausteine der mathematischen Logik. Mathematische Annalen. 92(3):305–16
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Syntax

Syntax = shape of programs ⤳ what does a program look like?

In SKI calculus: programs = terms

Build from:
• 3 constants 𝘚, 𝘒  and 𝘐
• application “− ⋅ −”

𝑚, 𝑛 ⩴ 𝘚 | 𝘒 | 𝘐 | 𝑚 ⋅ 𝑛

Example

𝘚 𝘒 𝘐 𝘒 ⋅ 𝘐

associativity: 𝑚 ⋅ 𝑛 ⋅ 𝑝 ≔ (𝑚 ⋅ 𝑛) ⋅ 𝑝 𝘚 ⋅ 𝘐 ⋅ 𝘒 = (𝘚 ⋅ 𝘐) ⋅ 𝘒 𝘚 ⋅ (𝘐 ⋅ 𝘒)

𝘐 ⋅ 𝑚 𝘐 ⋅ 𝑚 ⋅ 𝑛 𝘐 ⋅ 𝑚 ⋅ (𝘐 ⋅ 𝑛) 𝘒 ⋅ 𝘐 ⋅ 𝘚 ⋅ 𝘚 𝘚 ⋅ 𝘐 ⋅ 𝘒 ⋅ 𝘚 𝘚 ⋅ 𝘒 ⋅ 𝘐 ⋅ 𝘚
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Semantics

Semantics = computation ⤳ what does a program do?

In SKI calculus:
• a term transforms (“reduces”) into another term
• a reduction relation “− → −”
• given by deduction rules

𝑛1 → 𝑛′
1 ⋯ 𝑛𝑘 → 𝑛′

𝑘

𝑚 → 𝑚′

} hypotheses

} conclusion
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Semantics

Deduction rules for “→”:

𝘐
𝘐 · 𝑚1 → 𝑚1

𝘒
𝘒 · 𝑚1 · 𝑚2 → 𝑚1

𝘚
𝘚 · 𝑚1 · 𝑚2 · 𝑚3 → (𝑚1 · 𝑚3) · (𝑚2 · 𝑚3)

𝑚1 → 𝑚′
1

app𝑙

𝑚1 · 𝑚2 → 𝑚′
1 · 𝑚2

𝑚2 → 𝑚′
2

app𝑟

𝑚1 · 𝑚2 → 𝑚1 · 𝑚′
2

Example 📝
𝘚 𝘒 𝘐 𝘒 ⋅ 𝘐 𝘚 ⋅ 𝘐 ⋅ 𝘒 𝘐 ⋅ 𝑚

𝘐 ⋅ 𝑚 ⋅ 𝑛 𝘐 ⋅ 𝑚 ⋅ (𝘐 ⋅ 𝑛) 𝘒 ⋅ 𝘐 ⋅ 𝘚 ⋅ 𝘚 𝘚 ⋅ 𝘐 ⋅ 𝘒 ⋅ 𝘚 𝘚 ⋅ 𝘒 ⋅ 𝘐 ⋅ 𝘚
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Turing completeness

Definition (Church-Turing Thesis)
A function is computable if and only if it can be defined in the 𝜆-calculus (if and 

only if it can be computed by a Turing machine).

Definition

A computational system is Turing complete if it can compute all computable 
functions.

Theorem

SKI calculus is Turing complete.

Proof : Simulate the 𝜆-calculus in the SKI calculus ◽︎
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Turing completeness – Proof

Definition (𝜆-calculus)

𝑡, 𝑢 ⩴ 𝑥 | 𝑡 ⋅ 𝑢 | 𝜆𝑥.𝑡

𝑥 ∈ 𝑉𝑎𝑟 a set of variables.

𝛽-reduction “− →𝛽 −” defined by the rules:

𝛽
(𝜆𝑥.𝑡) ⋅ 𝑢 →𝛽 𝑡[𝑥/𝑢]

𝑡 →𝛽 𝑡′

𝜆
𝜆𝑥.𝑡 →𝛽 𝜆𝑥.𝑡′

𝑡 →𝛽 𝑡′

app𝑙

𝑡 ⋅ 𝑢 →𝛽 𝑡′ ⋅ 𝑢

𝑢 →𝛽 𝑢′

app𝑟

𝑡 ⋅ 𝑢 →𝛽 𝑡 ⋅ 𝑢′

where 𝑡[𝑥/𝑢] is the term 𝑡 where each occurence of 𝑥 is replaced by 𝑢

Goal 🎯 simulate 𝛽 reduction.
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Turing completeness – Proof

Intermediate language Λ𝖲𝖪𝖨 = 𝜆-calculus + constants 𝘚, 𝘒  and 𝘐
Define a transformation ⟦−⟧ on Λ𝖲𝖪𝖨

⟦𝑐⟧ ≔ 𝑐 if 𝑐 ∈ 𝑉𝑎𝑟 ∪ {𝘚, 𝘒, 𝘐}

⟦𝑡 ⋅ 𝑢⟧ ≔ ⟦𝑡⟧ ⋅ ⟦𝑢⟧

⟦𝜆𝑥.𝑡⟧ ≔ 𝘒 ⋅ ⟦𝑡⟧ if 𝑥 ∉ 𝑡

⟦𝜆𝑥.𝑥⟧ ≔ 𝘐

⟦𝜆𝑥.𝜆𝑦.𝑡⟧ ≔ ⟦𝜆𝑥.⟦𝜆𝑦.𝑡⟧⟧

⟦𝜆𝑥.𝑡 ⋅ 𝑢⟧ ≔ 𝘚 ⋅ ⟦𝜆𝑥.𝑡⟧ ⋅ ⟦𝜆𝑥.𝑢⟧

Proposition

If 𝑡 is a closed 𝜆-term, ⟦𝑡⟧ has no 𝜆 and no variable: ⟦𝑡⟧ is a term of SKI calculus.

Example 📝 𝜆𝑥.𝑥 ⋅ 𝑥 𝜆𝑥.𝑓 ⋅ 𝑥 𝜆𝑥.𝜆𝑦.𝑥 𝜆𝑥.𝜆𝑦.𝑦 ⋅ 𝑥
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Turing completeness – Proof

Lemma

For all 𝑡, 𝑢, if 𝑡 →𝛽 𝑢 then ⟦𝑡⟧ →⋆ ⟦𝑢⟧ and if 𝑡 ↛𝛽 then ⟦𝑡⟧ ↛.

Example 📝
(𝜆𝑥.𝑥 ⋅ 𝑥) ⋅ 𝑎 (𝜆𝑥.𝑓 ⋅ 𝑥) ⋅ 𝑎 (𝜆𝑥.𝜆𝑦.𝑥) ⋅ 𝑎 ⋅ 𝑏 (𝜆𝑥.𝜆𝑦.𝑦 ⋅ 𝑥) ⋅ 𝑎 ⋅ 𝑏

⇒ Every computation in the 𝜆-calculus can be performed in the SKI calculus!

Remark

𝘐 is superfluous: it can be simulated with 𝘚 ⋅ 𝘒 ⋅ 𝘒  📝
⤷ rest of this talk: SK calculus
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Skeletal semantics



Skeletal semantics

• Skel = simple, purely functional, strongly typed language, with non-determinism

• designed for specifying programming languages[2]

⤷ a Skel program = a specification of a language
Syntax with algebraic datatypes
Semantics Skel “functions” ⤳ evaluation function, reduction relation…

• compiled to OCaml, Rocq…

• used to formalise fragments of JavaScript [3] & Python [4]

2.  Bodin M, Gardner P, Jensen T, Schmitt A. 2019. Skeletal Semantics and Their Interpretations

3.  Khayam A, Noizet V, Schmitt A. 2021. JSkel: Towards a Formalization of JavaScript's Semantics

4.  Andrieux M, Schmitt A. 2024. Skeletal Semantics of a Fragment of Python
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Skeletal semantics by example

Example (Running example: SK calculus)

SK calculus Skel

𝑚, 𝑛 ⩴ 𝘚 | 𝘒 | 𝑚 ⋅ 𝑛 type term = S | K | App (term, term)

𝘒, 𝘚, (𝘚 ⋅ 𝘒) ⋅ 𝘒,… K, S, App(App(S,K),K),…

reduction relation “− → −” val red : term → term

Notation

M·N for App(M,N) + associativity: e.g. S·K·K = App(App(S,K),K)
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Skeletal semantics by example

Example (Running example: SK calculus)

𝘒
𝘒 · 𝑚1 · 𝑚2 → 𝑚1

𝘚
𝘚 · 𝑚1 · 𝑚2 · 𝑚3 → (𝑚1 · 𝑚3) · (𝑚2 · 𝑚3)

𝑚1 → 𝑚′
1

app𝑙

𝑚1 · 𝑚2 → 𝑚′
1 · 𝑚2

𝑚2 → 𝑚′
2

app𝑟

𝑚1 · 𝑚2 → 𝑚1 · 𝑚′
2

val red (t:term) : term =

  branch

    let K·x1·x2 = t in x1

  or

    let S·x1·x2·x3 = t in

    (x1·x3)·(x2·x3)

  or

    let x1·x2 = t in

    let x1 = red x1 in x1·x2

  or

    let x1·x2 = t in

    let x2 = red x2 in x1·x2

  end

} skeleton
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Initial-algebra semantics



Initial-algebra semantics

Goal 🎯 Get a mathematical representation/definition of a language or system
⤷ e.g. prove and apply abstract theorems, study properties, etc.

Specify programming languages implicitly:

• first define a whole category of models,

• desired language implicitly defined as initial object* therein

*(up to isomorphism)
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(Category theory – 1/4 Categories)

Definition (Category 𝐶)
• a collection ob𝐶  of objects

• a collection mor𝐶  of morphisms such that
‣ each morphism 𝑓 ∈ mor𝐶  has a source 𝐴 and a target 𝐵 (𝐴, 𝐵 ∈ ob𝐶)

𝑓 : 𝐴 → 𝐵

‣ morphisms compose: if 𝑓 : 𝐴 → 𝐵 and 𝑔 : 𝐵 → 𝐶,

𝑔 ∘ 𝑓 : 𝐴 → 𝐶

‣ there are identities: for any 𝐴 ∈ ob𝐶,

id𝐴 : 𝐴 → 𝐴 id𝐴 ∘ 𝑓 = 𝑓 𝑓 ∘ id𝐴 = 𝑓

Example 📝
Sets and functions ⤳ a category 𝐒𝐞𝐭, groups and group homomorphisms ⤳ 𝐆𝐫𝐩, 
any poset, …
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(Category theory – 2/4 Functors)

Definition (Functor)
𝐶  and 𝐷 are categories, a functor 𝐹 : 𝐶 → 𝐷 is
• a function on objects 𝐹 : ob𝐶 → ob𝐷
• that extends to morphisms

𝐹(𝑓 : 𝐴 → 𝐵) = 𝐹(𝑓 ) : 𝐹𝐴 → 𝐹𝐵

• that preserves identities and composition

𝐹(id𝐴) = id𝐹𝐴 𝐹(𝑔 ∘ 𝑓 ) = 𝐹𝑔 ∘ 𝐹𝑓

Example 📝
“Forgetful” functor 𝑈 : 𝐆𝐫𝐩 → 𝐒𝐞𝐭, …

Proposition

Categories and functors ⤳ a category 𝐂𝐚𝐭
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(Category theory – 3/4 Some limits and colimits)

Definition (Initial object)
Object 𝑋  is initial in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑋 → 𝑌 ∈ mor𝐶 ⤳ “smallest” object

Definition (Terminal object)
Object 𝑋  is terminal in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑌 → 𝑋 ∈ mor𝐶 ⤳ “biggest” object

Example 📝
In a poset, 
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(Category theory – 3/4 Some limits and colimits)

Definition (Initial object)
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Object 𝑋  is terminal in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑌 → 𝑋 ∈ mor𝐶 ⤳ “biggest” object

Example 📝
In a poset, ⊥ is initial and ⊤ is terminal.
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(Category theory – 3/4 Some limits and colimits)

Definition (Initial object)
Object 𝑋  is initial in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑋 → 𝑌 ∈ mor𝐶 ⤳ “smallest” object

Definition (Terminal object)
Object 𝑋  is terminal in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑌 → 𝑋 ∈ mor𝐶 ⤳ “biggest” object

Example 📝
In a poset, ⊥ is initial and ⊤ is terminal.

In 𝐒𝐞𝐭, 
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(Category theory – 3/4 Some limits and colimits)

Definition (Initial object)
Object 𝑋  is initial in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑋 → 𝑌 ∈ mor𝐶 ⤳ “smallest” object

Definition (Terminal object)
Object 𝑋  is terminal in 𝐶  iff ∀𝑌 ∈ ob𝐶, ∃!𝑓 : 𝑌 → 𝑋 ∈ mor𝐶 ⤳ “biggest” object

Example 📝
In a poset, ⊥ is initial and ⊤ is terminal.

In 𝐒𝐞𝐭, ∅ is initial and {∗} is terminal.
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(Category theory – 4/4 Some limits and colimits)

Definition (Product)
A product of 𝑋 , 𝑌 ∈ ob𝐶  is an object 𝑋 × 𝑌 ∈ ob𝐶  such that
• there are projection morphisms 𝜋1 : 𝑋 × 𝑌 → 𝑋  and 𝜋2 : 𝑋 × 𝑌 → 𝑌
• for any morphisms 𝑓 : 𝐴 → 𝑋 , 𝑔 : 𝐴 → 𝑌 , there is

⟨𝑓 , 𝑔⟩ : 𝐴 → 𝑋 × 𝑌

⤷ Δ𝑋 = ⟨id𝑋 , id𝑋 ⟩ : 𝑋 → 𝑋 × 𝑋
• for any morphisms 𝑓 : 𝐴 → 𝑋 , ℎ : 𝐵 → 𝑌 , there is

𝑓 × ℎ : 𝐴 × 𝐵 → 𝑋 × 𝑌

Example

In 𝐒𝐞𝐭, cartesian product.

⟨𝑓 , 𝑔⟩(𝑎) = (𝑓 (𝑎), 𝑔(𝑎)) Δ𝑋 (𝑥) = (𝑥, 𝑥) (𝑓 × ℎ)(𝑎, 𝑏) = (𝑓 (𝑎), ℎ(𝑏))
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Initial-algebra semantics: usual pattern

Presentation Theory Models

Pattern:
small and easy to
write description

⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)

5.  Ehresmann C. 1965. Catégories et Structures. Dunod
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Pattern:
small and easy to
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⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)

Locally presentable categories
• categories with good properties (complete, cocomplete, …)
• closed under useful constructions.
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Pattern:
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write description

⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)

Locally presentable categories
• categories with good properties (complete, cocomplete, …)
• closed under useful constructions. initial object 😀

5.  Ehresmann C. 1965. Catégories et Structures. Dunod
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Initial-algebra semantics: usual pattern

Presentation Theory Models

Pattern:
small and easy to
write description

⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)

Ehresmann[5]: finite limit sketch ⟼ 𝐶 ∈ 𝐋𝐞𝐱 ⟼ 𝐋𝐄𝐗(𝐶, 𝐒𝐞𝐭)

Locally presentable categories
• categories with good properties (complete, cocomplete, …)
• closed under useful constructions. initial object 😀

𝐋𝐞𝐱 = 𝐥eft 𝐞𝐱act = categories with finite limits (products, terminal object).

Let’s do an example!

5.  Ehresmann C. 1965. Catégories et Structures. Dunod
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Example: theory of groups

Definition ((Finite limit) sketch of groups)
• a sort 𝑋
• operations ⊙ : 𝑋 × 𝑋 → 𝑋 , 𝑖 : 𝑋 → 𝑋 , 𝑒 : 1 → 𝑋
• equations:

(𝑥 ⊙ 𝑦) ⊙ 𝑧 = 𝑥 ⊙ (𝑦 ⊙ 𝑧) 𝑥 ⊙ 𝑖(𝑥) = 𝑒 𝑒 ⊙ 𝑥 = 𝑥

𝑋 × 𝑋 × 𝑋 𝑋 × 𝑋

𝑋𝑋 × 𝑋

⊙ × 𝘪𝘥

⊙𝘪𝘥 × ⊙

⊙

𝑋 𝑋 × 𝑋 𝑋 × 𝑋

𝑋1

Δ 𝘪𝘥 × 𝑖

⊙!

𝑒

𝑋 1 × 𝑋 𝑋 × 𝑋

𝑋

≅ 𝑒 × 𝘪𝘥

⊙

+ 𝑖(𝑥) ⊙ 𝑥 = 𝑒 and 𝑥 ⊙ 𝑒 = 𝑥 📝
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Example: theory of groups

Definition (Theory of groups)
Category (with finite limits) 𝐶grp generated from this sketch:

• 𝑋 , 1, 𝑋 × 𝑋 , 𝑋 × 𝑋 × 𝑋 , … ∈ ob𝐶grp

• ⊙ : 𝑋 × 𝑋 → 𝑋 , 𝑖 : 𝑋 → 𝑋 , 𝑒 : 1 → 𝑋 ∈ mor𝐶grp

Δ : 𝑋 → 𝑋 × 𝑋 , ! : 𝑋 → 1, id × 𝑒 : 𝑋 × 1 → 𝑋 × 𝑋 , … ∈ mor𝐶grp

𝑖 ∘ 𝑒, ⊙ ∘ Δ, … ∈ mor𝐶grp

• equations are satisfied
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Example: theory of groups

Definition (Models of 𝐶grp)

𝐌𝐨𝐝(𝐶grp) ≔ 𝐋𝐄𝐗(𝐶grp, 𝐒𝐞𝐭)

Finite limit preserving functors from 𝐶grp to 𝐒𝐞𝐭. A model 𝑀 : 𝐶grp → 𝐒𝐞𝐭
• maps 𝑋  to a set 𝐺 = 𝑀(𝑋 ),
• maps ⊙ : 𝑋 × 𝑋 → 𝑋  to a function + : 𝐺 × 𝐺 → 𝐺,
• maps 𝑒 : 1 → 𝑋  to a function {∗} → 𝐺 i.e. a element 0 ∈ 𝐺,
• maps 𝑖 : 𝑋 → 𝑋  to a function − : 𝐺 → 𝐺,
• preserves the equations: e.g. 

𝐺 𝐺 × 𝐺 𝐺 × 𝐺

𝐺{∗}

Δ 𝘪𝘥 × −

+!

"0"

⇔
+ ∘ (id × −) ∘ Δ = 0

∀𝑔 ∈ 𝐺, 𝑔 + −𝑔 = 0

…
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Example: theory of groups

Definition (Models of 𝐶grp)

𝐌𝐨𝐝(𝐶grp) ≔ 𝐋𝐄𝐗(𝐶grp, 𝐒𝐞𝐭) = 𝐆𝐫𝐩😎

Finite limit preserving functors from 𝐶grp to 𝐒𝐞𝐭. A model 𝑀 : 𝐶grp → 𝐒𝐞𝐭
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Example: theory of groups

Remark (Model morphism)
Model morphism = function between the sets that preserves the operations
⤷ group homomophism

Remark (Initial group)
Trivial group 𝐺 = {0}

Not a very interesting programming language…
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Initial-algebra semantics: usual pattern

Presentation Theory Models

Pattern:
small and easy to
write description

⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)

Ehresmann[5]: finite limit sketch ⟼ 𝐶 ∈ 𝐋𝐞𝐱 ⟼ 𝐋𝐄𝐗(𝐶, 𝐒𝐞𝐭)

Locally presentable categories

⤷ initial object 😀

5.  Ehresmann C. 1965. Catégories et Structures. Dunod
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Initial-algebra semantics: usual pattern

Presentation Theory Models

Pattern:
small and easy to
write description

⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)

Ehresmann[5]: finite limit sketch ⟼ 𝐶 ∈ 𝐋𝐞𝐱 ⟼ 𝐋𝐄𝐗(𝐶, 𝐒𝐞𝐭)
Our work: Skel program ⟼ ℂ ∈ 𝐕𝐃𝐛𝐓𝐡 ⟼ 𝐕𝐃𝐁𝐓𝐇(ℂ, ℝ𝕖𝕝)

Locally presentable categories

⤷ initial object 😀

Not so convenient for programming languages: need relations (e.g. “− → −”)
⤷ 𝐕𝐃𝐛𝐓𝐡 = 𝐕irtual 𝐃ou𝐛le 𝐓𝐡eories = to be defined.

5.  Ehresmann C. 1965. Catégories et Structures. Dunod
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Virtual double theories



Overview: Skel vs virtual double theories

Example (Running example: SK calculus)

Skel program ⟿
Freely generated

virtual double theory

type term object 𝑡

constructors S, K, App
tight morphisms

𝑠, 𝑘 : 𝐼 → 𝑡 and 𝑎𝑝𝑝 : 𝑡 ⊗ 𝑡 → 𝑡

val red : term → term loose morphism 𝑟𝑒𝑑 : 𝑡 ⇸ 𝑡

skeletons let ... = ... in ... loose paths 𝐴0 ⇸
𝑝1

𝐴1…𝐴𝑛−1 ⇸
𝑝𝑛

𝐴𝑛

val red (t:term) : term =

  branch

    skeleton1

  or ... or

    skeleton4

  end

∀1 ≤ 𝑖 ≤ 4, a cell

𝑡

𝑡

• • 𝑡

𝑡

⋯

𝑠𝑘𝑒𝑙𝑒𝑡𝑜𝑛𝑖

⊆

𝑟𝑒𝑑
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Virtual double theories

Let’s introduce virtual double theories step-by-step:
1. virtual double category
2. cartesian
3. equipment

Example (Running example: SK calculus)
…and build up the virtual double theory
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Virtual double categories

Definition (Virtual double category 𝕍)
Like a category, with two kind of morphisms:

𝐴0

𝐵

𝐴1 𝐴𝑛−1 𝐴𝑛

𝐶

⋯𝐴2

 

⊆

𝑓

𝑝1 𝑝𝑛

𝑔

𝑞

𝑝2

• objects
• tight (vertical) morphisms ⤳ category (composition and identities)

• loose (horizontal) morphisms ⚠️ no composition
• 𝑛-ary cells
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Virtual double categories

Example (ℝ𝕖𝕝)
• objects 𝐴, 𝐵 = sets
• tight morphisms 𝑓 : 𝐴 → 𝐵 = functions
• loose morphisms 𝑟 : 𝐴 ⇸ 𝐵 = binary relations 𝑟 ⊆ 𝐴 × 𝐵

• a 𝑛-ary cell 𝑟1; ⋯; 𝑟𝑛 ⊆
𝑓

𝑔
𝑟′ whenever

∀𝑎, 𝑏, (𝑟1; ⋯; 𝑟𝑛)(𝑎, 𝑏) ⇒ 𝑟′(𝑓 (𝑎), 𝑔(𝑏))

𝐴0 𝐴𝑛

𝐶 𝐷

⊆

𝐴1  ⋯
𝑓 𝑔

𝑟′

𝑟1 𝑟𝑛

where (𝑟1; ⋯; 𝑟𝑛)(𝑎, 𝑏) ⇔ ∃(𝑎𝑖)1≤𝑖≤𝑛, 𝑎 = 𝑎0 ∧ 𝑏 = 𝑎𝑛 ∧ ∀𝑖, 𝑟𝑖(𝑎𝑖−1, 𝑎𝑖)
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Cartesian virtual double categories

Definition (Cartesian virtual double category)
Virtual double category with
• tight finite products 𝐴 ⊗ 𝐵 and 𝐼 ,
• “acting on loose morphisms”.

Example (ℝ𝕖𝕝)
Cartesian product of sets 𝐴 × 𝐵 and {∗}
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Cartesian virtual double categories

Example (SK calculus – building the virtual double theory)
• objects
‣ freely add 𝑡
‣ cartesian ⇒  products 𝐼 , 𝑡 ⊗ 𝑡 = 𝑡2, 𝑡3, …

• tight morphisms
‣ freely add 𝑠, 𝑘 : 𝐼 → 𝑡  and 𝑎𝑝𝑝 : 𝑡 ⊗ 𝑡 → 𝑡
‣ cartesian ⇒  projections 𝑥𝑖 : 𝑡2 → 𝑡, …

• loose morphisms
‣ freely add 𝑟𝑒𝑑 : 𝑡 ⇸ 𝑡
‣ cartesian ⇒  action on loose morphisms 𝑟𝑒𝑑 ⊗ 𝑡 : 𝑡2 ⇸ 𝑡2

(to be continued in 2 slides…)
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Virtual equipments

Definition (Virtual equipment)
Virtual double category with loose unit 𝑈𝐴 : 𝐴 ⇸ 𝐴 for any 𝐴 and companion 𝑓 :
𝐴 ⇸ 𝐵 and conjoint 𝑓 † : 𝐵 ⇸ 𝐴, for any 𝑓 : 𝐴 → 𝐵.

𝐴 𝐴

𝐴 𝐴

𝐵 𝐵

𝐵 𝐴

𝐵𝐵

𝐵

and axioms…

⊆⊆⊆

𝑈𝐴

𝑓

𝑓

𝑓

𝑓 †

Example (ℝ𝕖𝕝)
• unit: diagonal relation 𝑈𝐴(𝑎, 𝑎′) ⇔ 𝑎 = 𝑎′

• companion of a function 𝑓 : graph, conjoint: converse of the graph

𝑓 (𝑎, 𝑏) ⇔ 𝑏 = 𝑓 (𝑎) ⇔ 𝑓 †(𝑏, 𝑎)
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Virtual equipments

Recall
𝘒

𝘒 · 𝑚1 · 𝑚2 → 𝑚1
let K·x1·x2 = e in x1

Example (SK calculus – virtual double theory, continued)
• equipment ⇒  conjoints and companions
• freely add

𝑡2 𝑡𝑡

𝑡𝑡

⊆

conjoint of 𝑘 · 𝑥1 · 𝑥2

 

companion of 𝑥1

 

product 

𝑥1(𝑘 · 𝑥1 · 𝑥2)†

𝑟𝑒𝑑

where 𝑥1 : 𝑡2 → 𝑡 and 𝑘 · 𝑥1 · 𝑥2 : 𝑡2 →
𝑘⊗𝑡2

𝑡3 →
𝑎𝑝𝑝 ⊗𝑡

𝑡2 →
𝑎𝑝𝑝

𝑡. 📝
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Virtual equipments

Recall
𝑚1 → 𝑚′

1

𝑚1 · 𝑚2 → 𝑚′
1 · 𝑚2

let x1·x2 = e in

let x1 = red x1 in x1·x2

Example (SK calculus – virtual double theory, continued)
• freely add

𝑡𝑡 𝑡2 𝑡2

𝑡𝑡

⊆

conjoint of 𝑥1 · 𝑥2

 

companion of 𝑥1 · 𝑥2

 

loose unit

 

product of

loose morphisms

 (𝑥1 · 𝑥2)† 𝑟𝑒𝑑 ⊗ 𝑡 𝑥1 · 𝑥2

𝑟𝑒𝑑

where 𝑥1 · 𝑥2 : 𝑡2 →
𝑎𝑝𝑝

𝑡.
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Virtual equipments

Example (SK calculus – virtual double theory: summary)

𝑡2 𝑡𝑡

𝑡𝑡

⊆

𝑥1(𝑘 · 𝑥1 · 𝑥2)†

𝑟𝑒𝑑

𝑡3 𝑡𝑡

𝑡𝑡

⊆

(𝑥1 · 𝑥3) · (𝑥2 · 𝑥3)(𝑠 · 𝑥1 · 𝑥2 · 𝑥3)†

𝑟𝑒𝑑

let K·x1·x2 = e in x1
let S·x1·x2·x3 = e in

(x1·x3)·(x2·x3)

𝑡𝑡 𝑡2 𝑡2

𝑡𝑡

⊆

(𝑥1 · 𝑥2)† 𝑟𝑒𝑑 ⊗ 𝑡 𝑥1 · 𝑥2

𝑟𝑒𝑑

𝑡𝑡 𝑡2 𝑡2

𝑡𝑡

⊆
(𝑥1 · 𝑥2)† 𝑡 ⊗ 𝑟𝑒𝑑 𝑥1 · 𝑥2

𝑟𝑒𝑑

let x1·x2 = e in

let x1 = red x1 in x1·x2

let x1·x2 = e in

let x2 = red x2 in x1·x2

Notice: let ... = ...  in ... ⟿ sequencing of loose morphisms
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Virtual double theories

Definition (Virtual double theory)
Cartesian virtual equipment.

⤳ with structure-preserving functors: a category 𝐕𝐃𝐛𝐓𝐡

Theorem

𝐕𝐃𝐛𝐓𝐡 is locally presentable.
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Models

Definition (Model)
For ℂ ∈ 𝐕𝐃𝐛𝐓𝐡, 𝐌𝐨𝐝(ℂ) ≔ 𝐕𝐁𝐃𝐓𝐇(ℂ, ℝ𝕖𝕝).

Example

Virtual double theory 𝔼: generated by 𝑒 : 𝑡 ⇸ 𝑡

• Model 𝑀?
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Models

Definition (Model)
For ℂ ∈ 𝐕𝐃𝐛𝐓𝐡, 𝐌𝐨𝐝(ℂ) ≔ 𝐕𝐁𝐃𝐓𝐇(ℂ, ℝ𝕖𝕝).

Example

Virtual double theory 𝔼: generated by 𝑒 : 𝑡 ⇸ 𝑡

• Model 𝑀?
‣ set 𝑋 = 𝑀(𝑡) equipped with
‣ endorelation 𝑟 = 𝑀(𝑒)
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Models

Definition (Model)
For ℂ ∈ 𝐕𝐃𝐛𝐓𝐡, 𝐌𝐨𝐝(ℂ) ≔ 𝐕𝐁𝐃𝐓𝐇(ℂ, ℝ𝕖𝕝).

Example

Virtual double theory 𝔼: generated by 𝑒 : 𝑡 ⇸ 𝑡

• Model 𝑀?
‣ set 𝑋 = 𝑀(𝑡) equipped with
‣ endorelation 𝑟 = 𝑀(𝑒)

• model morphism 𝜑 : (𝑋 , 𝑟) ⇒ (𝑋 ′, 𝑟′)
‣ function 𝑓 : 𝑋 → 𝑋 ′, such that
‣ ∀𝑥, 𝑦 ∈ 𝑋 , 𝑟(𝑥, 𝑦) ⇒ 𝑟′(𝑓 (𝑥), 𝑓 (𝑦))

Theorem

For 𝕋 ∈ 𝐕𝐃𝐛𝐓𝐡, 𝐌𝐨𝐝(𝕋) is locally presentable.
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Models of SK(I) calculus

Skel program ⟿ ℂ𝖲𝖪𝖨 ⟶
𝑀

ℝ𝕖𝕝
type term 𝑡 a set 𝑇

S, K 𝑠, 𝑘 : 𝐼 → 𝑡 elements 𝐒, 𝐊 ∈ 𝑇
App 𝑎𝑝𝑝 : 𝑡 ⊗ 𝑡 → 𝑡 function • : 𝑇 × 𝑇 → 𝑇

val red : term → term 𝑟𝑒𝑑 : 𝑡 ⇸ 𝑡 relation ➡︎ ⊆ 𝑇 × 𝑇

let K·x1·x2 = e in x1 
𝑡2 𝑡𝑡

𝑡𝑡

⊆

𝑥1(𝑘 · 𝑥1 · 𝑥2)†

𝑟𝑒𝑑

∀𝑢, 𝑣 ∈ 𝑇, 𝐊 • 𝑢 • 𝑣➡︎𝑢 📝

let x1·x2 = e in

let x1 = red x1 in x1·x2

𝑡𝑡 𝑡2 𝑡2

𝑡𝑡

⊆

(𝑥1 · 𝑥2)† 𝑟𝑒𝑑 ⊗ 𝑡 𝑥1 · 𝑥2

𝑟𝑒𝑑

∀𝑢, 𝑣, 𝑢′ ∈ 𝑇, 𝑢➡︎𝑢′ ⇒

𝑢 • 𝑣➡︎𝑢′ • 𝑣  📝

… … …
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Models of SK(I) calculus

Initial model

• 𝑇  is the set inductively defined from 𝐒, 𝐊 and •:

𝑇 ≅ { 𝑚, 𝑛 ⩴ 𝘚 | 𝘒 | 𝑚 ⋅ 𝑛 }

⤷ terms of SK calculus

• ➡︎ is the relation inductively defined from the 4 implications:

➡︎ ≅ →

Initial model ≅ SK calculus as defined in the first part! 🥳
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Conclusion

Skel Virtual double theory

types and constructors a.k.a. terms tight category
tuples cartesian

skeletons loose paths
val f = branch s1 or ... or sn end cells 𝑠1 ⊆ 𝑓 , …, 𝑠𝑛 ⊆ 𝑓

terms ⊆ skeletons companion
pattern matching conjoint

derivation cell composition
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skeletons loose paths
val f = branch s1 or ... or sn end cells 𝑠1 ⊆ 𝑓 , …, 𝑠𝑛 ⊆ 𝑓

terms ⊆ skeletons companion
pattern matching conjoint

derivation cell composition

Presentation Theory Models

Pattern: small description ⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)
Ehresmann: finite limit sketch ⟼ 𝐶 ∈ 𝐋𝐞𝐱 ⟼ 𝐋𝐄𝐗(𝐶, 𝐒𝐞𝐭)
Our work: Skel program ⟼ ℂ ∈ 𝐕𝐃𝐛𝐓𝐡 ⟼ 𝐕𝐃𝐁𝐓𝐇(ℂ, ℝ𝕖𝕝)

Locally presentable category of theories and categories of models!
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Conclusion

Skel Virtual double theory

types and constructors a.k.a. terms tight category
tuples cartesian

skeletons loose paths
val f = branch s1 or ... or sn end cells 𝑠1 ⊆ 𝑓 , …, 𝑠𝑛 ⊆ 𝑓

terms ⊆ skeletons companion
pattern matching conjoint

derivation cell composition

Presentation Theory Models

Pattern: small description ⟼ category 𝐶 ∈ 𝐓𝐡 ⟼ 𝐌𝐨𝐝(𝐶)
Ehresmann: finite limit sketch ⟼ 𝐶 ∈ 𝐋𝐞𝐱 ⟼ 𝐋𝐄𝐗(𝐶, 𝐒𝐞𝐭)
Our work: Skel program ⟼ ℂ ∈ 𝐕𝐃𝐛𝐓𝐡 ⟼ 𝐕𝐃𝐁𝐓𝐇(ℂ, ℝ𝕖𝕝)

Locally presentable category of theories and categories of models!

Thanks! 

Questions?
Powered by Typst
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Virtual? double categories

• merely need virtual for Skel
• actually necessary for local presentability in ℝ𝕖𝕝

Example (Theory of non-empty sets)

𝐼 𝐼

𝐼 𝐼𝑡

⊆

⊤

∃𝑥, ⊤!† !

Models = non-empty sets ⤳ not locally presentable (not complete)

1 2∅
0

1

(Remark: in 𝕊𝕡𝕒𝕟, pointed sets: locally presentable![6])

6.  Carlson K, Patterson E. 2026. Presheaves on Lax Double Functors; or, Instances of Models of Double Theories
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